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Introduction

HIS Note augments and completes a previous work! by the

authors in which a set of constant coefficient linear differ-
ential equations were developed that describe the relative motion
between two satellites in the presence of the Earth’s J, geopoten-
tial. In the previous work, the motion was separated into in-plane
and cross-track motion. The analysis of the in-plane motion was
relatively straightforward and remains untouched in this Note. The
cross-track motion was more difficult to derive; linearizations with
respect to time were used to develop analytical solutions. In this
Note, the equations are instead simplified using small angle ap-
proximations. These simplifications are valid due to the very small
angles that describe the cross-track motion. Although no longer
linear, the equations can still be solved analytically. The result
is a set of differential equations that are more accurate and more
intuitive.

Describing the Cross-Track Motion

Motion in the cross-track direction can be modeled as a periodic
function with varying amplitude A(r), frequency B(¢), and phase
C(t):

z = A(t)sin[B(t)t — C(1)] (1)
This periodicity is due to the differences in orbital inclination and
longitude of the ascending node between the satellite and reference
orbit. As shown in Fig. 1, A(¢), B(¢), and C(¢) can be defined as

A(t) = rer®,

B(t) = orbital frequency, Cthy=y (2

Amplitude and Phasing Angle
The phasing angle and amplitude, y and &, can be calculated by
utilizing spherical trigonometry:
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In the presence of the J, disturbance, the orbital planes rotate about
the Z axis (the north pole). Each satellite’s orbit rotates about this
axis at a slightly different rate based on its inclination. This is mani-
fested in the mean variation of the orbital elements by a linear varia-

tion in time of the longitude of the ascending node. The differential
change in the ascending nodes is given by

AQ = AQ, + 2%, dag _ in(cosi )
- 0 dr ’ dr = — JN(COS Ly COS Iref
 3LR? m
J= PR n=_/—= 4
2rref Tref

The J, disturbance does not affect the mean variation of the incli-
nation, and i..; and i, remain constant.

Orbital Frequency

The orbital frequency (as measured from one equatorial crossing
to the next equatorial crossing) is affected by the J, disturbance in
two ways: The mean angular velocity is changed, and the distance
a satellite travels over one period is shortened. The mean angular
velocity is calculated by examination of the time-averaged effect of
the J, disturbance. The result is the circular orbit angular velocity
n, multiplied by a dimensionless coefficient ¢, which gives the new
angular velocity:

c=+1+s, (5)

The change in distance that a satellite must travel due to variations
in the longitude of the ascending node is shown in Fig. 2. Because of
the J, disturbance force, a satellite that starts at point A will arrive at
point B one orbital period later. The new orbital frequency is, thus,

(6)

except that n has

w = nc, s = jL(1 + 3cos 2ir)/4]

B(r) = nk, k=c4 jcos?ins

This k is the similar to k in the previous paper,'
been removed from the constant.
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Fig. 1 Amplitude and phase of cross-track motion.
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Fig. 2 Changes in orbital period due to J>.

General Form of Cross-Track Motion
Combining Egs. (1-6), we are left with the final form of the cross-
track motion:

Z = 1@ sin(knt — y) @)

where y and @ are defined by Eq. (3). Equation (7), in its current
state, accurately defines the cross-track motion. However, due to the
complexity in y and ®, the motion resulting from their substitution
into Eq. (7) is not easily interpreted. The goal of this paper is to
rewrite the cross-track motion parameters in a differential form that
is simple, intuitive, and still has an accurate analytic solution.

Deriving the Cross-Track Equations of Motion

Instead of trying to simplify the equations for y and & by lineariz-
ing them with respect to time, as was done in the previous paper,' y
and @ will be treated as state variables. Now, z is no longer consid-
ered a state but is instead calculated based on these two new states.
The problem now is to develop analytical equations for the motion
of y and @ that can be easily represented in differential form. This
is accomplished by using small angle theorems.

Small Angle Approximation
To begin the derivation, the small angles are identified:
|AI = (isat - iref)' < ]7 |ASZ = (Qsal - Qref)' < 1

IRl (8)

With reference to Eq. (3), substituting the small angles into the
equations and simplifying results in the following equations:

D=+ A2+ AQ2sin’ i (9)

Ai and A can be solved in terms of y and ®:
AQ = P(siny/ sin i) (10)

y = cot '[Ai /(A2 siniy)],

Ai = dcosy,

Generating the Differential Equations
The differential equations of motion for y and ® can be found by
taking the time derivative of Eq. (9):

o, dAidAQ . ,
Yy =S~y —AQ? + AIT (Slnlrcf)AQ

. (dAi . dAQ
b= [A,? + (sin zref)AQT]/cb an

Effects of the J, Geopotential

By further examination of the mean variations of the orbital ele-
ments and by incorporation of the small angles, the effect of J, on
Ai and AQ is

dAQ i Aj sin i dAi (12)
—— = JnAi Siniy, — =
dr J ref dr
By substitution of Eq. (12) into Eq. (11),
Ai?sin® y
AQZsin i

b= jsin? iy (13)

. AT AQ SN i .
b = an, y =nb

Substituting Eq. (10) into Eq. (13) results in the final form of the
cross-track differential equations,

& = nb® cosy siny, y = nbcos®y (14)

There are a few very important things to note. First, the equations
are nonlinear; however, they can be solved analytically. Second, the
constants # and b do not depend on the current or initial state of
the satellite; rather, they are only dependent on the reference orbit.
This is a great improvement over the previous cross-track solution in
which the forcing function was dependent on the initial conditions
of the satellite.

Cross-Track Solutions
The equation for @ is dependent on y ; however, y is not dependent
on ® and is, therefore, solved first:
y = tan" ! (nbr + tan y,) (15)

Substituting the solution for y into the differential equation for ®
and solving yields

@ = Py (cos yo)y/{1 + [nbr + tan(y)]}2
® = dy(cos yp) sec y (16)

Alternate Form of the State Equations
Equation (10) also gives rise to another set of equations for the
cross-track motion:

d
a(tan y) = nb, P (cosy) = Py(cos yp) = Ai (17)

where nb and Ai are constants.

Describing the Cross-Track Motion

The cross-track motion can be described by two effects: the scis-
soring effect and formation separation. The scissoring effect refers
to the movement of the location of intersection between two or-
bital planes as defined by y. The previous equations,' due to their
linearizations, modeled the movement of the intersection with a
constant velocity, but the new equations do not suffer from this lim-
itation. From Eq. (15), we can see that the intersection will move
quickly away from the equator and asymptotically approach the
poles. This effect has been called the scissoring effect because it
resembles the intersection of two scissor blades as they are opened.
The intersection moves quickly away from the tips, but asymptoti-
cally approaches the pivot as the scissors are opened.

Formation expansion describes the increasing amplitude of the
cross-track motion. In the previous paper, this effect was captured
by a linear forcing function that caused a linear change in ®. The
actual motion resembles a hyperbolic function more than a straight
line. (A quadratic forcing function has been used with the equations
from the previous paper, generating improved results.) Unlike the
previous equations, Eq. (16) captures the variation in this motion.

Relative Motion

In the previous work, different in-plane equations of motion were
derived that describe both the relative motion between a satellite
and the reference orbit (x, y, z) and the relative motion between two
satellites (Ax, Ay, Az). The equations for the cross-track motion
are the same in both cases. The constants (b, ¢, g, j, k, n, s) are also
the same in both cases because they are based solely on the reference
orbit. The only difference is that the initial conditions are taken with
respect to either the reference orbit or the second satellite.

Final Differential Equations and Solutions

When Eq. (14) is incorporated with the original in-plane differ-
ential equations of motion,' the final differential equations for the
relative motion between two satellites are

A% —2ncAy — (5¢* —2)n*Ax =0, A +2ncAx =0
y —nbcosy =0, & —nbdcosysiny =0 (18)

where Az = 1 ® sin(knt — y).
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We now have four differential equations of motion. Their solu-
tions, the derived zero-drift initial conditions, and associated nondi-
mensional constants appear hereafter for completeness.

The solutions to the differential equations of motion are

Ax = Axgcos(gnt) + (g/2c)Ayg sin(gnt)
Ay = —(2c/g)Axgsin(gnt) + Ayy cos(gnt)
Az = 1 ® sin(knt — y), D = dy(cos yp)(secy)
y = tan~! (bnt + tan y;) (19)
The initial conditions are
Ay = (nAyo/2)(8%/),
Azg = (k — D)nrer®g cos(yo)

Ayo = —2cnlAxg

Azg = refPo sin(—yp),

D = (1/rer)y/ AZ2 + [Azo/(k — b)n]?
Yo = —atan *{[Az/n(k — b)], Azo} (20)

and the constants are

n=,/u/rr3ef

b= jsin2 Tref

j=(nR]) /2

s = ][(1 + 3cos Ziref)/4]7

k=c+ jcos? iy, c=+1+s, g=+1—5 (21
Conclusions

This Note completes the work begun in the previous paper! by
using small angles to simplify the equations of motion in the cross-
track direction. The final set of equations accurately and simply
describe the relative motion of satellites flying in formation in the
presence of the Earth’s J, gravitational geopotential.

Reference

lSchweighart, S. A., and Sedwick, R. J., “High-Fidelity Linearized J;
Model for Satellite Formation Flight,” Journal of Guidance, Control, and
Dynamics, Vol. 25, No. 6, 2002, pp. 1073-1080.



